This paper proposes a pair-wise approach to testing for output convergence that considers all N (N 1)=2 possible pairs of log per capita output gaps across N economies. A general probabilistic de…nition of output convergence is also proposed, which suggests that all such output gap pairs must be stationary with a constant mean. The approach is compatible with individual output series having unit roots, or other non-stationary common components and does not involve the choice of a reference country in computation of output gaps. It is also applicable when N is large relative to T (the time dimension of the panel). After providing some encouraging Monte Carlo evidence on the small sample properties of the pair-wise test, the test is applied to output series in the Penn World Tables over 1950-2000 . Overall, the results do not support output convergence, and suggest that the …ndings of convergence clubs in the literature might be spurious. However, signi…cant evidence of growth convergence is found, a result which is reasonably robust to the choice of the sample period and country groupings. Non-convergence of log per capita outputs combined with growth convergence suggests that while common technological progress seems to have been di¤using reasonably widely across economies, there are nevertheless important country-speci…c factors that render output gaps highly persistent, such that we can not be sure that the probability for the output gaps to lie within a …xed range will be non-zero.
Introduction
The issue of whether per capita output of di¤erent countries or regions have been converging or are likely to converge in the future has played a central role in the recent empirical growth literature as well as in the debates surrounding European integration and its sustainability. 1 In the growth literature the notion of convergence has been used in a number of di¤erent contexts. The so called beta-convergence considers the speed with which output (measured by logarithm of per capita Gross Domestic Product) of a given country (region) converges over time to its steady state value. This notion refers to convergence within an economy and is only loosely related to the problem of output convergence across countries. Even if the analysis of convergence is con…ned to the evolution of a given economy over time, beta-convergence as motivated in the literature by Barro and Sala-i-Martin (1995) , pre-assumes a deterministic growth process and as demonstrated by Binder and Pesaran (1999) can be inappropriate if the process of technological progress is in fact stochastic. For example, in the case where shocks to technology follow a random walk process, per capita output will fail the beta-convergence test, even though the underlying stochastic process of the economy is convergent and ergodic. Therefore, betaconvergence is not a useful concept either for the analysis of output convergence within a given economy or for the analysis of cross-country output convergence once the stochastic nature of the technological process is taken into account. Another important empirical implication being that unit root tests applied to per capita output series either individually or in their panel forms are not informative about within or cross country convergence, either. Since it is not possible to rule out a unit root in the process of technological process on a priori grounds, testing for unit roots in per capita output will not be much help in shedding light on the problem of within country convergence. See Lee, Pesaran and Smith (1997, 1998) for further analysis and an empirical investigation.
However, formal tests of cross-country convergence can be developed by focussing on pair-wise output gaps (or output deviations), irrespective of whether the technological process is deterministic, stochastic, and/or contains a random walk component. Bernard and Durlauf (1995, 1996) were the …rst to de…ne cross-country output convergence in terms of the limit of expected output gaps. Based on this de…nition they propose testing for cross-country convergence using cointegration techniques. In their empirical application they consider output series from 15 OECD countries over the period and apply multivariate cointegration techniques to all the 15 series, a subset of 11 European series and a smaller subset of 6 European series. The cointegration tests are applied to all the individual output series as well as to output deviations computed with respect to the US output for the 15 OECD sample, and with respect to French output for the two sub-samples. Overall, the convergence hypothesis is rejected.
The use of multivariate cointegration techniques to test for cross country convergence is limited as it can not be applied to more than a small subset of countries in the global economy. This is particularly so if one attempts to go beyond the set of 15 OECD countries studied by Bernard and Durlauf (1995) . Similar multivariate analysis of output convergence have been conducted by Camarero et al. (2002) and Luginbuhl and Koopman (2003) . Application of unit root tests to output gaps measured with respect to a reference country is more practical, but is not invariant to the choice of the benchmark country and as a result can lead to misleading conclusions. In this paper we propose a probabilistic version of the output convergence concept which is generally valid, and does not require the converging economies to be identical in all respects (saving rates, population growths and initial endowments). Our de…nition also clari…es that convergence on its own is not enough; we also need output paths having converged do not show systematic tendencies to diverge. Strictly speaking the hypothesis of interest is "nondivergence", but for expositional ease we follow the literature and use the term convergence, nevertheless.
We show that for two countries to be convergent (non-divergent) it is necessary that their output gap is a stationary process. This is valid irrespective of whether the individual country output series are trend stationary and/or contain unit roots. Therefore, cointegration is necessary for convergence but not su¢ cient if the underlying series are trend stationary. Convergence (or strictly speaking non-divergence) requires the output series to be co-trended, in addition to being cointegrated with the cointegrating vector of the form (1; 1) . To analyze output convergence across a large number of countries without being subject to the pitfalls that surround the use of output gaps measured relative to a particular country benchmark, we examine the unit-root and trending properties of all N (N 1)=2 possible log real per capita output gaps, y it y jt , i = 1; ::::; N 1, and j = i + 1; :::; N . Under the null of non-convergence (or divergence) we would expect the fraction of output gap pairs for which the unit root hypothesis is rejected to be close to the size of the unit root test applied to the individual output gap pairs. Although, the underlying individual unit root tests are not cross sectionally independent, under the null of non-convergence (or divergence) the fraction of the rejections converges to , as N and T ! 1, where is the size of the underlying unit root test.
In addition to the pair-wise tests we also consider a number of average measures of log-output dispersions de…ned as simple or weighted averages of the absolute (log) output gap pairs, jy it y jt j or their squares, (y it y jt ) 2 . We show that when abstracting from within country output di¤erences, it is appropriate to weight the output gaps by relative population sizes. We also note that the use of absolute output gap pairs lead to the mean di¤erence coe¢ cient which is the numerator of the Gini coe¢ cient. It is shown that under the null of (log) output convergence the output gaps, y it y jt , as well as the multi-country average measures of dispersions are stationary with a constant mean. As compared to cross section or panel techniques used for the analysis of convergence, the pair-wise approach has the added advantage that it relates more naturally to the club convergence literature advanced by Durlauf and Johnson (1995 ), Quah (1996a , 1996b , 1997 , Galor (1996) and examined further by Bianchi (1997) , Hobijn and Franses (2000) , Canova (2001) and many others. In principle, the convergence results from the analysis of pair-wise output gaps can be used to form "convergence clubs", but special care must be taken in dealing with the speci…cation search bias that such a strategy would entail.
The pair-wise and the multi-country measures are applied to the output series in the Penn World Tables over the 1950-2000 period. Overall, the results do not support the output convergence hypothesis. For example, using PWT data over the period 1961-2000, the unit root hypothesis was rejected at most in the case of 370 out of 4851 possible output gap pairs, just around 7.6%, which is very close to the nominal signi…cance level of 5% used for the test. The 370 outcomes, although seemingly large in absolute numbers, could have arisen by chance. The evidence is slightly more favourable to output convergence if the null hypothesis being tested is stationarity rather than unit root. Nevertheless, overall the results do not support the output convergence hypothesis and suggest that the identi…cation of club convergence by some investigators might be due to chance, not to mention the usual sample selection biases associated with statistical grouping procedures often used in the literature. Furthermore, even if one accepts that such convergence clubs exist, their membership tends to undergo important changes over time. The main reason for this non-convergent result seems to be the existence of country-speci…c unobserved factors that tend to be highly persistent. However, at the same time we …nd signi…cant evidence of growth convergence, a result which is reasonably robust to the choice of the sample period and country groupings. Non-convergence of log per capita outputs combined with growth convergence suggests that while common technological progress seems to have been di¤using reasonably widely across economies, there are nevertheless important country-speci…c factors (for example, wars, famines, revolutions, regime and institutional changes) that render output gaps highly persistent, such that we cannot be sure that the probability for the output gaps to lie within a …xed range will be non-zero.
The plan of the paper is as follows. Sections 2 reviews the implications of the stochastic Solow growth model for cross country output convergence. Section 3 proposes a probabilistic de…nition of pair-wise output convergence. Section 4 considers the issue of multi-country convergence. Tests of pair-wise output convergence are discussed in Section 5, and the multi-country average measures are set out in Section 6. Section 7 provides the small sample evidence on the pair-wise tests using Monte Carlo experiments. Empirical evidence on output and growth convergence are discussed in Sections 8 and 9, respectively. Some concluding remarks are provided in Section 10.
The Neoclassical Growth Model and Convergence
It is important that the analysis of output convergence is carried out with respect to an appropriate theoretical framework. The growth model often used for this purpose is the deterministic version of the Solow-Swan model. See, for example, Barro and Sala-i-Martin (1995), Mankiw, Romer and Weil (1992) and Islam (1995) . However, as argued in Binder and Pesaran (1999) and Lee, Pesaran and Smith (1997) , the use of the deterministic version in empirical research can lead to misleading conclusions. For example, presence of a unit root in the output process might wrongly be interpreted as evidence against the neoclassical growth model, whilst as we shall see below such an outcome is perfectly compatible with a stochastic version of the neoclassical growth model that allows the technological process to have a unit root. Following Lee, Pesaran and Smith (LPS) suppose that real output of country i at time t, Y it , is produced by the Cobb-Douglas production function
where K it is the physical capital, L it the number of workers employed, A it the level of technological progress. It is assumed that all countries have access to the same production function ( is the same across countries) and are subject to the same rate of capital depreciation, . However, they might di¤er in technological and labour force endowments, and their saving rate, s i , assumed …xed. Technology and employment are assumed to evolve in a stochastic manner:
where a i0 = E(a i0 ), l i0 = E(l i0 ), g i and n i are the steady state growth rates of technology and employment, and u it and v it are the stochastic components of technology and employment. In what follows we assume that u it and v it are general integrated processes of orders at most equal to unity, I(1), such that (u it + v it ) is strictly stationary and ergodic. In terms of capital per e¤ective labour units,
Under certain assumptions on u it + v it , and assuming that 0 < ; < 1; Binder and Pesaran (1999) show that k it converges to a time-invariant distribution for each i. As a result y it = log(Y it =L it ) also converges to a steady state distribution, whose evolution is given by
and y it will be having the same limiting time series properties as a it . 2 For example, y it will have a unit root if and only if a it has a unit root. Based on the derivations in LPS, a log-linearized solution for y it is given by
and the parameters i and i are related to the structural coe¢ cients through the following approximate relations
where
and k i;1 denotes the limit of k it as t ! 1. Equation (3) provides a convenient decomposition of log per capita output into a …xed e¤ect, c i , a deterministic trend component, g i t, and two stochastic components, u it and it de…ned by (4) and (5). This decomposition helps clarify a number of important issues in the analysis of within and cross country output convergence.
1. There is an asymmetry in the way supply (u it ) and demand (v it ) shocks a¤ect output per capita. Whilst a unit root in technology results in a unit root in per capita output, the same is not true of employment/demand shocks. A unit root in employment demand does not cause per capita output to be a unit root process.
2. In general, the stochastic version of the neoclassical growth model is compatible with per capita output being a trend-stationary or a unit root process. Therefore, presence of a unit root in per capita output by itself does not provide evidence against the theory. Panel unit root tests applied to per capita output of individual countries also need not be informative about the convergence hypothesis.
3. Although the neoclassical theory (in its deterministic or stochastic forms) does not explicitly address the issue of cross-country output convergence, it could be argued that in an inter-related global economy technology will inevitably be di¤used across economies either directly or through trade in investment goods, and it is therefore unlikely that g i t and u it (the deterministic and stochastic components of technology) could di¤er across countries in a systematic manner. To capture the idea that all economies have access, possibly with di¤erent degrees, to the same pool of technological knowledge we write u it as the following multi-factor model
where f t is the m 1 vector of common components, i is the associated vector of factor loadings and " it is the idiosyncratic component, assumed to be speci…c to country i. More complicated multi-factor models can also be considered, but they add little to our analysis and will not be attempted here. In principle, both components, f t and " it , could contain unit roots. But as we shall see below for cross country output convergence it is necessary that the idiosyncratic components, " it , are stationary. Without any loss of generality we shall assume that f t and " it are independently distributed with zero means.
4. Due to the strong possibility that y it process might contain a unit root through a unit root in u it , empirical analysis of within-country convergence is best carried out in terms of output growth, g it = y it , rather than levels of per capita output, y it . Using (3) and (5) we have
where L is a back-ward lag operator, and i = 1 i , which leads to the following dynamic equation in growth rates:
Since u it and v it are stationary irrespective of whether u it and/or v it have unit roots, the growth process is stationary and ergodic and can be analyzed by standard time series techniques. Equation (10) could also be used to identify the relative quantitative importance of demand and supply shocks on output growth by augmenting it with equations for employment demand and technological innovations using direct measures such as patent or R&D time series data.
We now turn our attention to the issue of cross-country convergence, which is our primary focus in this paper. i = 1; 2; :::; N , satis…es the decomposition (3) with u it given by the multi-factor model (8) . Under this set up we have y it = c i + g i t + 0 i f t + " it + it ; for i = 1; 2; :::; N;
where it is a stationary process, although as noted earlier " it and f t could be non-stationary processes, possibly subject to breaks. According to Bernard and Durlauf's De…nition 2.1, countries i and j converge if
E (y i;t+k y j;t+k j I t ) = 0; at any …xed time t;
where I t is the information set at time t, which contains at least the current and past output series y i;t s , for i = 1; 2; :::; N and s = 0; 1; 2; :::. Based on this de…nition Bernard and Durlauf (BD) state that for countries i and j to converge it is necessary (although not su¢ cient) that their outputs are cointegrated with cointegrating vector (1; 1). Making use of the output processes in (11) we have
+E(" i;t+k " j;t+k j I t ) + E( i;t+k j;t+k j I t ):
Under our assumptions i;t+k j;t+k is a stationary process, irrespective of whether the technology and demand shocks are I(1) or I(0). Hence
Also the case where the idiosyncratic component of u it , namely " it is I(1) can be ruled out, since in that case lim k!1 E(" i;t+k " j;t+k j I t ) 6 = 0. Consider now the two remaining cases where
. Under the former countries i and j converge in the sense of BD, if
and
3 For an elaboration of Bernard and Durlauf's de…nitions also see Hobijn and Franses (2000, pp. 61-62) . 4 Intermediate cases could also arise where the m 1 vector of common factors, ft are I(1) but admit r cointegrating relations with r < m: However, we would still have the two possibilities considered, namely 0 i ft could either be I(0) or I(1), depending on whether all the country-speci…c factor loadings lie in the cointegrating space of ft. These considerations complicate the analysis without adding much substance to our arguments or results and will not be pursued further.
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Out of the above three conditions the …rst, c i = c j , is the most unlikely to be satis…ed as it requires the two economies to be identical almost in every respects, including their saving rates and initial endowments. See (4). A less stringent de…nition of convergence can be formulated in terms of the (conditional) probability of the output gap, y it y jt , falling outside a pre-de…ned interval.
De…nition 1 (Pair-wise Convergence) Countries i and j converge if for some …nite positive constant C, and a tolerance probability measure 0, Pr fjy i;t+s y j;t+s j < C j I t g > ;
at all horizons, s = 1; 2; :::; 1.
Applied to (11), this de…nition clearly rules out deterministic as well as stochastic trends in the output gap process. Unless (15) and (16) are both satis…ed, it is easily seen that
Pr fjy i;t+k y j;t+k j < C j I t g = 0;
for all …nite positive constants, C, and the output gap diverges. However, it is important to note that the above probabilistic de…nition does not necessarily require that c i = c j .
In a cointegrating framework, the conditions (15) and (16) are in fact the familiar cointegrating and co-trending restrictions, respectively. 5 The former is relevant only if it is known that the underlying output processes, y it and y jt are both I(1). In practice, the cointegration approach would involve certain degree of pre-testing as the individual output series are …rst tested for unit roots. However, the pre-testing problem can be avoided by directly testing the output gap, y it y jt , for the absence of unit roots and linear deterministic trends.
Under (15) and (16), the output gap is stationary with mean c i c j and
Pr fjy i;t+s y j;t+s j < C j I t g = Pr
Denoting the variance of ijt by ! 2 ij , and for illustrative purposes assuming that the shocks are normally distributed we have
Pr fjy i;t+s y j;t+s j < C j
where (:) is the cumulative distribution function of the standard normal variable. Therefore,
Pr fjy i;t+s y j;t+s j < C j I t g > 0;
so long as C > jc i c j j.
6 It is clear that our notion of convergence does allow for the two countries to have di¤erent initial endowments, saving rates or rates of population growths.
Multi-country Convergence
So far we have focussed on tests of output convergence applied to two countries. The extension to more countries pose new technical di¢ culties. In the case of two countries testing for convergence is relatively simple and can be carried out by testing the hypothesis that the output gap, y it y jt , is stationary with a …xed mean. Also as noted earlier such a test has the additional advantage that it does not require pre-testing for the presence of unit roots in the individual output series. In a multi-country setting two approaches have been advanced in the literature by Bernard and Durlauf (1995) and followed by many others. 7 One approach assumes that the individual output series, y it , i = 1; 2; :::; N; are I(1) and applies the system cointegrating techniques directly to these series and tests for the existence of N 1 cointegrating vectors of the form (1; 1) amongst these N series. As our theoretical analysis shows, under this approach it is important that the underlying model allows for the possibility of deterministic trends, with the cointegrating relations (if any) tested for co-trending. A second procedure considers testing for unit roots in N 1 output gaps measured with respect to a benchmark country. Using country 1 (for example) as the benchmark the output gaps y it y 1t for i = 2; 3; :::; N are tested for unit roots. Once again this is not su¢ cient and one also needs to test that the output gaps do not contain deterministic trends. This procedure is simpler to implement and has the advantage that it does not involve pre-testing of the individual series for unit roots. However, it is dependent on the choice of the benchmark country and could yield misleading results. For example, in a three country setting with country 1 used as the benchmark, countries 2 and 3 could be convergent even if the output gaps, y 2t y 1t and y 3t y 1t are divergent, namely contain unit roots and/or deterministic trends. In terms of conditions (15) and (16), this case could arise if g 2 = g 3 ; g 2 6 = g 1 , and/or 2 = 3 ; 2 6 = 1 :
For analysis of multi-country convergence all country combinations must be considered. Accordingly, we suggest the following de…nition:
De…nition 2 (Multi-country Convergence) Countries i = 1; 2; :::; N are said to converge if for some …nite positive constant C, and a tolerance probability measure 0, Pr f\ i=1;::::;N 1; j=i+1;;:::;N jy i;t+s y j;t+s j < C j I t g > ;
6 Recall that (a) 1=2 for a 0. 7 See, for example, Oxley and Greasley (1995), and Camarero, Flôres and Tamarit (2002) .
Therefore, what is required for multi-country convergence is pair-wise convergence across all country combinations. The system cointegrating approach accommodates this de…nition of multi-country convergence, since it considers all linear combinations of individual output series and hence all linear combinations of pair-wise output gaps. However, its scope is limited in practice as it can e¢ ciently handle only a small number of countries simultaneously. As a result many investigators have con…ned the application of the system approach to a handful of countries. Bernard and Durlauf using a relatively large span of time series covering the period 1900-1987 consider a maximum number of 15 countries in their empirical investigation. 8 In their analysis Oxley and Greasley (1995), Camarero et al. (2002) consider 3 and 7 countries, respectively. None of these studies allow for deterministic trends and therefore do not consider the possibility that output series that cointegrate might not be co-trending.
To be able to analyze the convergence properties of a large number of countries, whilst at the same time avoiding the pitfalls that surround the use of a given benchmark, in this paper we consider two approaches: a pair-wise approach that considers the unit-root and trending properties of all N (N 1)=2 possible output gaps, y it y jt , for i = 1; ::::; N 1, and j = i + 1; :::; N , and a multivariate approach which aims at providing an overall index of output convergence. The pair-wise approach is likely to be more informative for investigating the hypothesis of "club convergence" advanced in the literature by Quah (1996a Quah ( ,1996b Quah ( , 1997 , and allows for the possibility of forming country clusters (if any) from the test outcomes.
Pair-wise Tests of Output Convergence
Consider any two countries, i and j; and denote their log per-capita output gap by y it y jt . According to our de…nition, these two countries are (output) convergent if y it y jt is an I(0) process with a constant mean. Accordingly, for each i and j we adopt a sequential procedure where in the …rst stage d ijt = y it y jt is tested for unit roots using augmented Dickey-Fuller (ADF) regressions with an intercept and a linear trend:
The order of the ADF regressions, p ij , can be chosen using model selection criteria such as the Akaike Information Criterion (AIC). In our empirical applications we report test results for p ij = 1; 2; 3 and 4, as well as for the AIC selected augmentation orders. If the unit root hypothesis is rejected we then consider testing the hypothesis that g i = g j , namely y it y jt is not trended. An alternative approach would be to take the "stationarity" as the null hypothesis, and use the test developed by Kwiatkowski, Phillips, Schmidt and Shin (KPSS, 1992) . The test is based on the idea that the variance of the partial sum series
would be relatively small under stationarity as compared to the non-stationary unit root hypothesis. The KPSS test statistic is de…ned by
where s 2 ijT (`) is the estimate of the long-run variance of s t , given by
, is the lag window often approximated by 0:75T 1=3 , and
Both tests will be applied to all output pairs, namely a total of N (N 1)=2 tests would be carried out and the results summarized by di¤erent regions. Although, the test outcomes across the di¤erent output pairs are dependent, the proportion of output pairs that meet the stationarity conditions can still be estimated consistently for N and T su¢ ciently large, and assuming that the country-speci…c shocks, it = " it + it , are independently distributed across i. To see this …rst note that under the convergence hypothesis (H c ), de…ned by (15) and (16), and using (11), we have
where under H c , ijt = it jt is a mean zero stationary process. The KPSS statistic directly tests the null of convergence, H c , whilst the ADF(p) statistic tests the null of divergence, H c , which in view of (11) will be de…ned by
with f t and/or ijt containing unit roots. Consider now the KPSS test applied to the output gap, y it y jt ; and let Z ij;T take the value of unity if KP SS ijT (`) > K T; , and zero otherwise, where K T; is the critical value of the KPSS test of size such that
. Then the fraction of the N (N 1)=2 pairs for which the convergence hypothesis is rejected is given by
9 To simplify the exposition here we are abstracting from deterministic trends.
To investigate the properties of Z N T as N and T ! 1, …rst note that
and hence lim
Derivation of V ar( Z N T jH c ) is complicated by the fact that Z ij;T and Z ik;T are not independently distributed even under cross section independence of the country speci…c shocks, it . Consider the N (N 1)=2 elements of Assuming it are cross sectionally independent, it is easily seen that Z 12 has a non-zero covariance with Z 13 ; Z 14 ; :::; Z 1N , and Z 23 ; Z 24 ; :::; Z 2N ; but its covariance with the rest of the elements in the sum will be zero. The number of non-zero covariances involving Z 12 is given by 2N 4. Similarly, the number of non-zero covariances involving Z 13 (not counting the ones with Z 12 ) is given by 2N 5, and so on. Also since Z ij;T is a discrete (0,1) indicator variable, all its moments exist and in particular, V ar (Z ij;T jH c ) 2 max < 1; and jCov (Z ij;T ; Z rs;T jH c )j C max < 1. Hence, after some algebra it is easily seen that
and under H c ; Z N T q:m:
! , as N and T ! 1, jointly. 10 Furthermore, since the KPSS test is consistent it is also easily seen that
Similar results also follow for the ADF (p) tests applied to the output gap pairs. But as noted above the role of the null and the alternative hypothesis needs to be interchanged, with Z ij now de…ned as I (ADF ij;T < DF T; ) where DF T; is the critical value of the Dickey-Fuller test of size , and I (:) is the indicator function. In this case Z N T estimates the fraction of the pair-wise tests that reject the null of the unit root. Under H c we would expect Z N T to be close to , and under H c we would expect Z N T to be well in excess of , and converge to unity as N and T ! 1, jointly.
Finally, when T is …nite, Z N T converges to T , where T is the empirical rejection frequency of the underlying test. In practice, the value of T can be computed by bootstrapping the empirical process of y it y jt for some (i; j) pair using a large number of replications. The average rejection statistic, Z N T , then converges to T as N ! 1. The panel dimension acts a similar function as increasing the number of replications perform in Monte Carlo or bootstrap experiments. By averaging across the test outcomes of the di¤erent output gap pairs, the sampling variations of the individual test results will be reduced. These and other related issues will be investigated by means of a limited number of Monte Carlo experiments.
Whilst in principal it would be possible to develop a formal statistical test of the signi…cance of the proportion of rejections, Z N T , by developing the null distribution of p N Z N T , this is not pursued in this paper.
Average Measures of Convergence/Divergence
It is also possible to construct "average" measures of convergence/divergence using the output gaps, y it y jt , i = 1; ::; N 1, j = i + 1; :::; N . The squares or absolute values of the output gaps can be averaged across country pairs as simple or weighted averages. Using squares and a simple average we have
But since
it is easily seen that
Namely, D t is proportional to the cross section standard deviation of y it across i, used extensively in the literature to examine the cross country output convergence referred to as " convergence". Derivation of s t from a simple average of output gaps allows us to link it to the underlying log-linearlized solution of the stochastic Solow model given by (3) and (11). Under the null hypothesis that countries i and j converge we must have
where c i is a …xed constant de…ned by (4) and as before, ijt = it jt = " it " jt + it jt is a stationary process with mean zero and a constant variance, ! 2 ij . Therefore, under the convergence hypothesis
Clearly, in this case E(s 2 t ) is …xed and does not vary with time. In contrast, E(s 2 t ) will be trended if output diverges across two or more countries. As an illustration consider (11), and suppose that i = j but allow g i 6 = g j . Then
In this case E(s 2 t ) is dominated by a quadratic trend, the size of which depends on the dispersion of growth rates as measured by s 2 g . However, due to the linear trend component, 2t s cg , it is possible for E(s 2 t ) to exhibit a downward trend over a given sample period if s cg happen to be negative and large in magnitude relative to s 2 g . A similar result obtains if g i = g j ; but i 6 = j with 0 i f t s I(1), although in this case the dominant trend in E(s 2 t ) will be linear. The above analysis provides a theoretical justi…cation for using s 2 t as an overall measure of convergence. It further shows that a sustained upward trend in s 2 t is not compatible with cross country output convergence. Similar conclusions can also be reached using other overall measures of dispersion. One particularly important measure would be to use the simple average of the absolute output gaps as given by
This is known as the "mean di¤erence" coe¢ cient and forms the numerator of the well known Gini coe¢ cient. The mean di¤erence measure, t ; has certain theoretical attractions, although it is more di¢ cult to compute and analyze as compared to s be obtained if it is further assumed that y it y jt is normally distributed. Under this assumption we have
where (:) is the cumulative distribution function of a standard normal variate. It is also worth noting that due to the possible presence of unit roots and/or deterministic trends in y it , and hence in y t ; the Gini coe¢ cient de…ned by G t = t = y t ; could display downward trends even under output convergence.
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Clearly, t is a more appropriate measure of the evolution of cross-country output convergence as compared to its scaled version, G t . It also relates directly to the pair-wise output gaps that underlie a multivariate analysis of convergence.
The two dispersion measures, s t and t , discussed so far attach equal weights to all pairs of output gaps and might yield a misleading results when applied to countries with very di¤erent population sizes. Denote the population of country i at time t by P it , and abstract from within country income disparities. A population weighted measure of output-gap between countries i and j is given by P it P jt j y it y jt j, and the population weighted counterparts of D t and t may be de…ned as
It is easily veri…ed that these weighted measures reduce to D t and t if P it = P jt for all i and j. Since
where P t = P N i=1 P it , the above measures can also be written as
w it = P it =P t is the share of i th country population in the country grouping under consideration, and y wt = P N i=1 w it y it . Accordingly, a population-weighted version of s 2 t is given by
The trend properties of E ( t ) and E(s 2 t ) are the same as the ones obtained for their unweighted versions, under the assumption that the processes generating the population weights, w it , are stationary. However, in general the time pro…les of t and s 2 t would be in ‡uenced by output disparities as well as by the di¤erences in population growths across countries.
7 The Pair-wise Test: Some Monte Carlo Evidence
Before presenting the results of our application of the pair-wise tests to the output convergence problem we …rst provide some results on the small sample properties of the test. For this purpose we employ Monte Carlo techniques and use the following data generating process (DGP)
for i = 1; 2; :::; N; and t = 1; 2; :::; T . The autoregressive processes are generated from t = 49 and the …rst …fty draws are discarded to reduce the initialization e¤ects. Note also that under the null of output convergence the pair-wise test results do not depend on the common factors, and would also be invariant to the inclusion of deterministic trends in the DGP. The common factor/trend characteristics of the individual series, y it , will be relevant only for the power properties of the pair-wise tests.
Choices of v and i turn out to be quite important for the properties of the pair-wise test, with i 's being particularly relevant under the null of convergence. The choice of v matters only under the non-convergence alternatives. Here the values of v and i are set such that y it and y it in the Monte Carlo experiments have similar serial correlation patterns as the actual output series. As a …rst-order approximation it is assumed that the individual output series are I (1), and that the growth rates are positively correlated. For the above Monte Carlo set up the …rst order autocorrelation coe¢ cient of y it is given by
Using actual output series across di¤erent countries the value of yit typically falls in the range of 0.0 to 0.35. To achieve a mean value commensurate with this range and to allow for a reasonable degree of heterogeneity across i we set v = 0:60 and consider two di¤erent sets of parameter values for i : a moderate serially correlated case where i v iidU [0:2; 0:6], and a high serially correlated case where i v iidU [0:5; 0:95]. For these parameterization we obtain an average growth autocorrelation coe¢ cient of around 0:10 and 0:20, respectively.
Under the null hypothesis of output convergence, i = j = for all i and j, whilst under the alternative hypothesis the factor loadings, i ; will be drawn from a chi-squared distribution with i degrees of freedom, where i is randomly drawn with replacement from integers 1 to 10. This ensures that under the alternative hypothesis the factor loadings remain su¢ ciently di¤erent across i, and the pair-wise gaps, y it y jt ; will have a unit root. Under the null hypothesis
and the s th order serial correlation coe¢ cient of y it y jt is given by 0:5(
12 Also due to the heterogeneous nature of the autoregressive parameters, the pair-wise gaps, y it y jt ; do not follow exact autogressions and ADF tests applied to the pair-wise di¤erences will be subject to approximation errors even in the case where the orders of the underlying individual error processes are known.
For each gap series, y it y jt , over t = 1; 2; :::; T; we computed three di¤erent unit root test statistics, namely the standard Augmented Dickey-Fuller statistic, ADF(p), the ADF-GLS(p) statistic proposed by Elliot et al. (1996) that makes use of more e¢ cient estimates of determinsitics, and the ADF weighted symmetric (ADF-WS) test which is due to Park and Fuller (1995) and attempts to increase the power of the unit root test by making use of the fact that any stationary autoregressive process can be given a forward as well as a backward representation.
13 All the tests were carried out at the 5% signi…cance level for the N (N 1)=2 distinct pairs of y it y jt , i 6 = j, and for the augmentation orders p = 0; 1; 2; 3; and 4. The results are summarized in Tables M1 and M2 for = 10; 20; 30; 50; 100, and T = 20; 30; 40; 50; 100. Tables M1(a) and M2(a) give the fraction of the pairs for which the unit root hypothesis is rejected under the null of convergence for the moderate and the high serially correlated cases, respectively, whilst Tables M1(b) and M2(b) report the corresponding fractions under the alternative hypothesis of non-convergence where i v iid 2 ( i ), with i drawn randomly from the integer set f1; 2; :::; 10g. Each of these experiments were replicated 1000 times with the reported fractions representing averages across the replications.
Under the null of convergence we would expect the average fractions to be high and tending towards 100% as T ! 1, whilst under the alternative of non-convergence we would expected the average fractions to be low and around 5% as T ! 1. The results in Tables M1-M2 are in line with these expectations. Also as to be expected the results are more favourable for the pair-wise test in the case where the degree of serial correlation in " it 's is moderate. Under the null of convergence the rejection frequencies vary little across N , but rise quite rapidly with T , and tend to fall with p, the order of the augmentation of the ADF type tests. Of the three ADF tests considered the ADF-WS tests perform best under the null of convergence, irrespective of the values of i . Under the non-convergence alternatives, the ADF-WS test performs slightly worse than the other two tests, although not by much. Overall, the pair-wise test of convergence based on the ADF-WS test seems to perform well for values of T 30 and p 2.
We also considered the small sample performance of the KP SS(`) test, de…ned by (23), applied to the pair-wise deviations, y it y jt . For the choice of the lag window,`, we followed the time series literature and set`t 0:75T
1=3 . Average fractions of pairs for which the KPSS test rejects the stationarity hypothesis are summarized in Table M3 . Note that in the case of KPSS we would expect the fraction of rejections to be low under the null of convergence and relatively high under the non-convergence alternatives. Once again the results vary with T and not N . As with the ADF type tests, N = 10 (which involves 45 distinct pairs) seems to be su¢ cient for the cross section dimension. Also perhaps not surprisingly, the performance of the KPSS test deteriorates quite rapidly with i . Finally, the ADF-WS based pair-wise test tends to perform better than the KPSS test, particularly in the high serial correlation case.
Empirical Evidence on Output Convergence
Output convergence can be examined at global or regional levels. Since it is possible for some countries to be divergent within a given region but converge across regions, it is important that the investigation of output convergence starts at a global level. Primary sources of data for such an exercise are the annual output series from the Penn World Table ( PWT) and the Maddison output series. In this study we report the pair-wise test results using the Purchasing Power Parity adjusted Real GDP per capita in constant prices from the most recent Version 6.1 of PWT.
14 We also obtained similar results using Maddison's (2003) latest per capita output series, but to save space these results will not be reported in this paper. The PWT series begin in 1951, and cover a wide set of countries, particularly if the start of the sample is brought forward to 1961. There is a trade o¤ between the number of countries (N ) and the sample period The number of countries with a full set of output series across these periods turned out to be 56, 99, and 101, respectively. The lists of countries (by regions) are provided in Table 1 .
Pair-wise Measures of Output Convergence
We begin by considering the unit root properties of all output gap pairs, y it y jt , in the world economy over the three Table  2 , for the three sample periods. This table reports the proportions of the output gap pairs for which the unit root hypothesis is rejected at 10% and 5% signi…-cance levels, using the three unit root testing procedures set out above, and for di¤erent orders of augmentation, including the order selected using the Akaike Information Criterion (AIC). As noted above, although some of test results are likely to be correlated across the di¤erent output gap pairs, the estimated proportions are nevertheless consistently estimated for N su¢ ciently large. The results are uniformly against the convergence hypothesis. The proportion of the output gap pairs for which the unit root hypothesis is rejected matches the signi…cance level of the ADF test, a result which is reasonably robust to the order of augmentation or the particular version of the ADF test being used. The rejection frequencies are slightly higher if the ADF-WS test is employed, re ‡ecting the higher power of this test as compared to the other two versions of the test. 16 The test results are in accordance with the Monte Carlo results reported above under the non-convergence hypothesis. Finally, it is worth noting that the results are also robust to the sample period being considered.
Conditioning on those output gap pairs for which the unit root hypothesis is rejected, the number of output gap pairs with insigni…cant (at the 5% level) linear trends are reported in Table 3 for the di¤erent sample periods and the ADF type tests. The numbers of output gap pairs that meet both criteria and can be viewed as being stationary with a constant mean are very small; and in no case exceed 3.8% of the total number of possible output gap pairs.
Very similar results are also obtained across di¤erent country groupings. The unit root test results for the …ve country groups are summarized in Table  4. 17 Once again the ADF-WS test shows slightly higher rejection frequencies as compared with the other two tests. Nevertheless, the proportion of output gap pairs for which the unit root hypothesis is rejected is very close to the chosen signi…cance levels for all country groups, except possibly for Group 5 (the rest of the world). However, even in the case of this group the number of output gap pairs that meet both the unit root and the co-trending tests is at most 6.6%. This is obtained when the ADF-WS(p) test is applied at the 10% level with the augmentation order, p, selected by the AIC. See Table 5 . Some of the negative results obtained so far on output convergence could be attributable to the known low power of the ADF type tests in small samples. As noted earlier, a possible alternative would be to use the KP SS(`) test given by (23). Using`t 0:75T 1=3 , we computed the KP SS statistic for all output pairs over the three sample periods and by di¤erent country groups. The test results are summarized in Table 6 where the proportion of output gap pairs for which the null of stationarity is rejected are reported. These results are marginally more favourable to the convergence hypothesis. For the "world" as a whole and over the period 1961-2000, the stationarity hypothesis is not rejected in the case of 20% (14%) of the output gap pairs if the KPSS test is carried out at the 5% (10%) signi…cance level. Similar results are also obtained for other periods. However, the test results disaggregated by country groups are more mixed; with the Middle East and North Africa having the highest proportion of stationary output gap pairs and Asia, Australia and New Zealand (group 3) having the lowest proportions. For example, over the period 1961-2000 and using the 5% signi…cance level, only 11% of the output gap pairs turned out to be stationary for Asia, Australia and New Zealand group, whilst for the countries in the Middle East and North Africa this proportion turned out to be around 53%. These di¤erences, however, need to be viewed with caution, since the number of countries in the country groupings di¤er markedly. For example, over the 1961-2000 period there are 9 countries in the Middle East and North African region as compared to 15 countries in Asia, Australia and New Zealand group, and 23 countries in the North and Latin American region. Overall, the KPSS test results are more favourable to the output convergence hypothesis as compared to the results based on ADF type tests. Although, at the world level the evidence for output convergence is still rather week.
Overall Measures of Output Convergence
Similar conclusions can be reached if overall dispersion measures, such as the mean di¤erence (MD) coe¢ cients de…ned by (26) or its population weighted counterpart, (27), are used. 18 The estimates of t and t computed over the period 1961-2000 for the "world" and the …ve di¤erent country groups are displayed in Figure 1 . As noted earlier, under the null of output convergence none of these measures should have unit roots or exhibit deterministic trends. The results of the various unit root tests applied to t and t are summarized in Tables 7 and 8 . Using t , the unit root hypothesis is rejected in the case of groups 4 and 5, whilst if we use t the unit root hypothesis is not rejected for any of the country groups if the ADF-WS test is applied and is rejected in the case of groups 1 and 4 if the standard ADF test is applied. But, as can be seen from Figure 1 , the time plots of t and t show clear trends with the possible exception of the measures for the Middle East and North Africa. The trends in the equal weighted and the population weighted dispersion measures can be markedly di¤erent. This is most noticeable in the case of the dispersion measures computed for the "world"where the unweighted measure, t ; is trended upward, whilst the population weighted measure, t , starts to trend downwards from early 1980's, largely re ‡ecting the signi…cant economic growth of the populous countries in South East Asia and particularly China. Also in the case of the European economies (group 1), the downward trend in the dispersion measures (weighted or unweighted) is indicative of a trend towards convergence, although as noted earlier on its own does not support the convergence hypothesis since it does not rule out a trend reversal as predicted by (25).
Evidence on Growth Convergence
Having found little evidence in support of output convergence, it might be of interest to consider the weaker hypothesis of growth convergence. Within the framework of the stochastic Solow growth model, the country-speci…c growth rates are given by (9) which yield the following "growth gap" equations:
where ijt is given by
Under the stochastic Solow growth model for all i and j, ijt will follow a mean zero stationary process even if there are unit roots in the processes generating technology or employment. Therefore, the growth convergence hypothesis H gc : g i = g j , for all i and j;
can be tested using the following AR(p ij ) approximations of (29):
where g ij = g i g j , and p ij is selected empirically using selection criteria such as AIC. The growth convergence hypothesis forms a subset of the output convergence hypothesis de…ned by (15) and (16).
Tests of the growth convergence hypothesis can now be carried out by testing the insigni…cance of the short-run or the long-run intercept terms in the growth gap regressions de…ned by (30). These intercept terms, respectively, are given by g ij and g ij = g ij 1 P pij s=1 ' ij : Table 9 reports the proportions of statistically insigni…cant (at the 5% level) short-run and long-run intercept terms. Once again recall that these proportions are estimated consistently for su¢ ciently large T and N , even though the errors ijt are cross sectionally correlated. Overall, the results are favourable to the growth convergence hypothesis. It is also interesting that the results are quite robust to the sample periods or whether the short-run or the long-run intercept terms are used in the test. The growth convergence hypothesis is not rejected for around 72% of the country pairs, irrespective of the sample period considered. There are also some interesting geographical variations, with the growth convergence hypothesis being more wide spread across the countries in group 4 and 5 (Middle East, North Africa and the Rest of the World), and less so in the case of countries in group 3 (Asia, Australia and New Zealand).
Concluding Remarks
In this paper we have highlighted the importance of using log per capita output gaps in the analysis of output or growth convergence. We have also illustrated how such pair-wise measures of divergence between any two given economies, when suitably averaged, can be linked to measures of output inequality such as the mean di¤erence coe¢ cient, which is the numerator of the Gini coe¢ cient routinely used in studies of income inequality within and across countries. Seen from this perspective, the pair-wise output gaps form the basic building blocks of the stochastic processes of income distribution dynamics which has been the subject of extensive research in the literature on club convergence. However, it is important to make a distinction between log per capita output gaps and per capita output gaps, with the former being relevant for the analysis of output convergence in the context of stochastic Solow type growth models, whilst the latter being more appropriate for cross country studies of income inequality.
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The focus of our empirical analysis has been on the unit root and trending properties of log per capita output gaps across di¤erent countries in a global context, as well as in speci…c geographical regions. The small sample performance of the pair-wise tests are investigated by Monte Carlo experiments and it is shown that the pair-wise test based on the ADF-WS statistics perform particularly well even when the available time series are relatively short. Using both PWT and Maddison data sets we have found little evidence of log per capita output convergence at a global level, although there seems to be some evidence of club convergence, so long as the concept of a "club"is loosely de…ned to mean countries with pair-wise output gaps that are stationary with a constant mean. This concept does not, of course, rule out the possibility of the club membership to change over time, which renders it more of historical interest rather than immediate relevance for policy analysis. Further analysis of the nature of the clubs and the characteristics of their membership would be needed for a better understanding of the growth process for policy analysis. Such an endeavour is beyond the scope of the present paper.
Finally, the approach of this paper can be readily applied to the analysis of income inequality, by considering the unit root and trending properties of per capita output gaps. Such an analysis will be more closely linked to overall measure of income inequality such as the Gini coe¢ cient, and suggest that in using the Gini coe¢ cient the choice of the denominator need to be approach more carefully under the possibility of unit roots in per capita outputs. Another potentially important application of the pair-wise procedure is to the analysis of purchasing power parity, where pair-wise di¤erences of log prices from di¤erent countries measured in the same currency can be used to develop a suitable average pair-wise test of PPP.
A Appendix: ADF-GLS and ADF-WS Unit Root Tests
The ADF-GLS test is proposed by Elliott, Rothenberg and Stock (1996) who argue it has better power characteristics than the standard ADF test. Although, Pantula et al. (1994) and Leybourne (1995) provide Monte Carlo evidence suggesting that the MAX-ADF test proposed by Leybourne and the ADF-WS test of Park and Fuller (1995) could be more powerful than the ADF-GLS test.
A.1 ADF-GLS Unit Root Test
Consider the ordered series x t , t = 1; 2; :::; T and make the following transformations:
where is a …xed coe¢ cient to be set by the tester (see below). Similarly (1 ); for t = 2; :::; T; and z 21 ( ) = 1 z 2t ( ) = t (t 1); for t = 2; :::; T:
A.1.1 Models with intercepts but without trend
Compute the OLS regression of x t on z 1t ( )
and then deviations w t = x t ^ , for t = 1; 2; :::; T and carry out ADF(p) test applied to w t . It is recommended that is set to 1 7=T:
A.1.2 Models with an intercept and a linear trend
Compute the OLS regression coe¢ cients of x t on z 1t ( ), and z 2t ( ), and denote these coe¢ cients by^ 1 and^ 2 and then compute 
A.2 The ADF-WS Unit Root Test
The Weighted Symmetric ADF (WS-ADF) has been proposed by Park and Fuller (1995) and analyzed further (using Monte Carlo simulations) by Pantula et al. (1994) . A detailed discussion is also provided by Fuller (1996, Section 10.1.3).The WS-ADF attempts to increase the power of the unit root test by making use of the fact that any stationary autoregressive process can be given a forward as well as a backward representation. An estimator of the autoregressive parameters that take account of this property is generally known as WS estimators. Consider the p th order (backward) ADF regression
then under stationarity we also have
The WS estimator of is obtained by solving the following weighted least squares problem
or equivalently 
A.2.1 An Explicit Solution
Let z bt = (x t 1 ; x t 1 ; :::; x t p ) 0 and z f t = (x t+1 ; x t+2 ; x t+3 ; :::; x t+p+1 ) 0 , then it is easily seen that^ = A 1 T b T ; where
The output gap series are de-trended before computing the ADF-WS statistics.
The critical values of the ADF, ADF-GLS and ADF-WS tests for the sample sizes and the augmentation orders relevant to the present application are provided in Table A. 27 Table M1 Notes: The data generating process is
.., N, t = 49, 48, ..., T , where Notes: The data generating process is
.., N, t = 49, 48, ..., T , where 
No Convergence Notes: The data generating process is
i is specified in the table, (153) 13 (90) 105 (536) 42 (267) 127 (617) 70 (318) p=2 14 (97) 5 (40) 52 (345) 26 (159) 77 (449) 31 (226) p=3 16 (113) 7 (51) 71 (441) 43 (230) 91 (591) 43 (321) p=4 12 (78) 3 (27) 83 (427) 45 (220) 79 (504) 46 (288) p (AIC) 24 (155) 12 (93) 117 (587) 49 (301) 144 (699) 80 (388) ADF-GLS (p) p=1 40 (170) 17 (99) 103 (423) 37 (249) 102 (427) 50 (201) p=2 23 (111) 10 (65) 46 (254) 21 (131) 55 (241) 23 (100) p=3 22 (115) 6 (53) 67 (329) 30 (170) 73 ( (570) 68 (330) 170 (671) 89 (370) p=2 28 (141) 14 (84) 85 (424) 36 (206) 102 (452) 37 (205) p=3 32 (183) 15 (91) 105 (500) 48 (290) 169 (712) 59 (370) p=4 23 (117) 6 (42) 140 (577) 65 (329) 151 (571) 55 (275) 
48 (215) 23 (122) 154 (631) 80 (370) 191 (749) 100(431) 1. The numbers in brackets are the total number of country pairs for which the unit root hypothesis were rejected at the specified significance levels. These are the rejection frequencies in Table 2 multiplied by the number of country pairs. Tests of the significance of linear trends are conducted at the 5% significance level. 
Number of countries 4 9 9 Number of country pairs 6 36 36 is generated as x it = x it-1 + ε it with ε it ~ iidN(0,1). The ADF-GLS statistic is computed based on the t-statistic of the level variable in the ADF regression applied to a demeaned or de-trended variable (depending on the case being considered) as proposed in Elliott, Rothenberg and Stock (1996) . For the intercept case, the value of c is set equal to 7, and 13.5 for the case with intercept and linear trend. Note that, for the case when there are no intercept and trend, the critical values of the ADF and ADF-GLS statistics coincide. The critical values for the weighted symmetric ADF statistics are computed based on the empirical distribution of the test statistic as proposed in Park and Fuller (1995) , The discussion of the ADF-GLS and weighted symmetric ADF statistics can be found in the Appendix. The critical values are computed for the cases where the deterministic components include intercept only, and intercept and linear trend. The simulations are carried out with 10,000 replications.
